This paper presents the exergy analysis and optimization of the Stirling engine, which has enormous potential for use in the renewable energy industry as it is quiet, efficient, and can operate with a variety of different heat sources and, therefore, has multi-fuel capabilities. This work aims to present a method that can be used by a Stirling engine designer to quickly and efficiently find near-optimal or optimal Stirling engine geometry and operating conditions. The model applies the exergy analysis methodology to the ideal-adiabatic Stirling engine model. In the past, this analysis technique has only been applied to highly idealized Stirling cycle models and this study shows its use in the realm of Stirling cycle optimization when applied to a more complex model. The implicit filtering optimization algorithm is used to optimize the engine as it quickly and efficiently computes the optimal geometry and operating frequency that gives maximum net-work output at a fixed energy input. A numerical example of a 1,000 cm 3 engine is presented, where the geometry and operating frequency of the engine are optimized for four different regenerator mesh types, varying heater inlet temperature and a fixed energy input of 15 kW. The WN200 mesh is seen to perform best of the four mesh types analyzed, giving the greatest network output and efficiency. The optimal values of several different engine parameters are presented in the work. It is shown that the net-work output and efficiency increase with increasing heater inlet temperature. The optimal dead-volume ratio, swept volume ratio, operating frequency, and phase angle are all shown to decrease with increasing heater inlet temperature. In terms of the heat exchanger geometry, the heater and cooler tubes are seen to decrease in size and the cooler and heater effectiveness is seen to decrease with increasing heater temperature, whereas the regenerator is seen to increase in size and effectiveness. In terms of the regenerator mesh type, it was found that the WN200 mesh gave a shorter regenerator with greater cross-sectional flow area which gave a smaller pressure drop.
INTRODUCTION
The Stirling engine was invented by Rev. Robert Stirling some 200 years ago, at the time the engine received some attention and saw commercial use (Stirling, 1816) . However, at the time the rapid development of the internal combustion engine quickly overshadowed the Stirling engine. In recent years, there has been renewed interest in the Stirling engine, especially with the rise in interest in renewable energy technology. Stirling engines are poised to play a pivotal role in this industry as they are quiet, have multi-fuel capabilities, produce little pollution and are efficient (Thombare and Verma, 2008) . Furthermore, the Stirling engine is categorized as a Reitlinger class cycle, which means it can theoretically achieve Carnot Efficiency (Senft, 1998) . The current uncertainty over the future availability of fossil fuels and the imminent threat of climate change means that new sources of energy need to be utilized (Ellabban et al., 2014) . The Stirling engine is a prime candidate for use with renewable sources of energy as the engine operates through a closed thermodynamic cycle that can utilize any heat source. The Stirling engine has also been cited as being the most economically viable solar converter in the range of 5-100 kWe (Kongtragool and Wongwises, 2003) .
There are a variety of different approaches to Stirling engine modeling and there exist several different orders of models (Dyson et al., 2004) . These models are of varying complexity and there have been several studies that analyze, compare, and discuss the different models available. Initially, Stirling engines were modeled with isothermal working spaces; however, in recent times the working spaces have been modeled as having finite rates of heat transfer, or as being adiabatic. The analysis conducted by Finkelstein was the first of its kind and represented a major advancement in Stirling engine analysis when he considered non-isothermal working spaces (Finkelstein, 1960) . Subsequently, Urieli and Berchowitz developed the ideal adiabatic model. This model more accurately predicts performance as in real Stirling engines the cylinders are not designed for heat transfer (Berchowitz and Urieli, 1984) . In these models, a variety of losses are quantified, and included in the analysis to predict the output of a real engine operating at specified conditions (Walker, 1980) . In the most recent study, a model with polytropic working spaces has been developed (Babaelahi and Sayyaadi, 2015) . A significant portion of Stirling cycle optimization studies have moved toward numerical simulations that in the past were too computationally expensive to use for optimization purposes. However, with the extensive work carried out by Berchowitz and Urieli (1984) , the models have been significantly sped up, and more than 30 years later computing speed has also drastically increased. A Stirling engine simulation that originally took 10 min to run now takes seconds. There have been several studies that have aimed to predict and optimize engine performance using numerical models. The study conducted by Timoumi et al. (2008) presented a new model of the Stirling cycle. The model presented was used to optimize the GPU-3 Stirling engine and a medium temperature difference solarpowered engine . The study conducted by Campos et al. (2012) , used a similar model to maximize the nondimensional engine efficiency at specified conditions. The effect that changing parameters had on performance was also analyzed and it was found that the engine performance is robust to changes in some parameters. Senft used the classical Schmidt analysis and conducted an analysis that looked to find the optimum engine geometry of a Stirling engine (Senft, 2002) . Other studies have also looked to analyze the second-order non-ideal adiabatic model using a multi-objective optimization approach (Toghyani et al., 2014) . The analysis optimized the engine in terms efficiency and pressure drop, a Pareto frontier of optimal solutions is presented.
There have been several studies that have applied the exergy analysis methodology to ideal Stirling cycle models. The study conducted by Martaj et al. (2006) , applied the exergetic, energetic and entropic analysis techniques to the Stirling cycle to optimize the performance. The same authors in a separate study analyzed and optimized a low temperature difference Stirling engine at steady state operation (Martaj et al., 2007) . de Boer (2003) showed the importance of including pressure drop in his analysis of the Stirling engine regenerator, where he proved the maximum achievable efficiency for a Stirling cycle engine is half of Carnot efficiency. The analysis by Wu et al. (1998) formulated criteria to optimize the heat transfer area in the heater and cooler. Similarly, Costea and Feidt (1998) conducted an analysis looking at the irreversibility and the effects that the heat exchanger area had on Stirling engine performance. These analyses and optimizations usually begin with highly idealized models of the Stirling cycle which is problematic as they do not necessarily accurately model the Stirling cycle. There have been several studies that have looked at Stirling engine power density. Also, the dead-volume ratio has been seen to have a significant effect on performance, especially when adiabatic working spaces are assumed (Wills and BelloOchende, 2016) . The effects of dead-volume have also been mentioned by several authors as negatively affecting the power output of Stirling engines (Kongtragool and Wongwises, 2006; Puech and Tishkova, 2011) . These studies have analyzed how the deadvolume negatively affects the cycle efficiency and power output. Several studies have looked to optimize the power density of the Stirling engine as the engine size is of economic interest Yavuz, 1997, 1999) . These analyses optimized the device in terms of maximum power density as this results in engines with good power density and high efficiency.
There have been many studies that have optimized power cycles using exergy analysis methodology. Where exergy is defined as the energy that is available to do work. The Gouy-Stodola theorem, which describes the relationship between reversible workẆ rev , irreversible workẆ irrev , entropy generationṠ gen and environmental temperature T 0 (Bejan, 1996) , can be seen below as Eq. 1.
The development of this equation was a major advancement in the thermodynamics of the time, and the expression shows that the rate of entropy generation is directly proportional to the rate at which work is destroyed. While using this methodology, it has been emphasized that it is crucial to optimize the system in its entirety, rather than as individual components (Bejan, 2006) . This is done, as spreading the irreversibility over the entire system rather than minimizing it in individual components results in a truly optimized system. This paper presents a novel approach to modeling the losses and optimizing the alpha type Stirling engine, which involves the application of exergy analysis methodology to the ideal adiabatic model of the Stirling cycle. The model incorporates the irreversibility due to heat transfer through a finite temperature difference, pressure drops and conductive thermal bridging loss. The model presented is used with the implicit filtering algorithm to optimize a 1,000 cm 3 Stirling engine for maximum power production with four different regenerator mesh types and a fixed energy input. In the analysis, the working fluid is assumed to be an ideal gas and a finite heat capacity rate is assumed in the heater and cooler, the number of heater and cooler tubes are also fixed.
PHYSCIAL MODEL
The methodology used to optimize the 1,000 cm 3 alpha type Stirling engine for maximum work output with a fixed energy input is presented in this section. The working fluid is assumed to be pressurized air which behaves as an ideal gas. The heater and cooler external fluids are assumed to have finite heat capacity rates, and four different regenerator mesh types are used in this analysis.
Model Description
A diagram of the alpha type Stirling engine used in the analysis can be seen as Figure 1 . In this diagram, the operating frequency f, volume V, and heater, cooler, and regenerator lengths L are shown.
The expressions for the compression and expansion space volumes are Eqs 2 and 3. Eq. 2 calculates the volume in the compression space V c using the clearance volume V ccl , swept volume V c,swept , and the crank angle θ.
Similarly, Eq. 3 calculates the volume in the expansion space using the clearance volume V ecl , swept volume V e,swept , crank angle θ, and phase difference α.
Equations are required to determine the volumes from the geometric variables for the heat exchangers. Equations 4-9 are the equations for the volume V and area A of the cooler, heater and regenerator, respectively.
Equations 4 and 5 define the volume V k and surface area A k in the cooler. These equations use the number of cooler tubes N k , cooler length L k and cooler tube diameter D k .
Equations 6 and 7 define the volume V h and surface area A h of the heater. These equations use the number of heater tubes N h , heater length L h and heater tube diameter D h .
Equations 8 and 9 define the volume V r and surface area A r in the regenerator. These equations use the mesh porosity ε, regenerator length L r , regenerator diameter D r , and hydraulic diameter d hyd . Figure 1 shows the different engine variables. To model the engine, some of the variables are fixed, and Table 1 gives these variables and their values. The values are chosen based on an idealized model of the Stirling engine, and the number of heater and cooler tubes was chosen based on real Stirling engines . The number of heater tubes is far lower than the number of cooler tubes; this is because decreasing the temperature of the working fluid in the cooler has a greater effect on engine performance than increasing the temperature of the working fluid in the heater. Another reason there are fewer tubes in the heater is that in real Stirling engines the heater may have combustion products flowing through it. Depending on the fuel source this may foul the heat exchanger, and therefore the spacing of the tubes is important to facilitate cleaning. The cooler usually has water flowing through it which means it would not foul nearly as quickly as the heater. Along with these fixed parameters, four different mesh types are used in the optimization. The mesh types and their properties can be seen in Table 2 .
MATHEMATICAL MODEL
The following section presents and describes the equations used to model the alpha type Stirling engine which is optimized in this study. First, the model and the ideal adiabatic model of the Stirling cycle are presented. Following this the equations that describe the heat transfer, flow friction and thermal bridging loss are presented and explained. Finally, the exergy and rate of entropy generation equations are introduced and the method of solution is described.
The model outlined assumes finite heat capacity rates in the heater and cooler. The compartment temperature diagram shows the different thermodynamic properties and temperature in each compartment, seen as Figure 2 .
Figure 2 is used as a means of graphically showing and defining different thermodynamic properties in the engine compartments and energy flows. The properties shown are pressure P, temperature T, and volume V. The compartments are the compression space c, cooler k, regenerator r, heater h, and expansion space e. The compartment interfaces are the compression space to cooler interface cb, the cooler to regenerator interface, the regenerator to heater interface and the heater to expansion space interface. All the equations presented in this section can be understood using the diagram and the knowledge that R is the ideal gas constant, C p is the constant pressure specific heat, C V is the constant volume specific heat and γ is the ratio of specific heats.
Ideal Adiabatic Model
The ideal adiabatic model was developed by Urieli and Berchowitz as a means of more accurately modeling the real Stirling cycle.
At the time of the development of these models the iterative schemes took too long to solve, to make the model useful in the optimization of Stirling engine geometry. However, due to advances in computing and better models the solutions are arrived at in seconds rather than minutes, making these numerical models suitable for optimization purposes.
The full derivation of the equations is not presented but the equations are listed and briefly explained. To see the complete derivation of the equations, see the book by Urieli and Berchowitz (Berchowitz and Urieli, 1984) , or the online resources maintained by Urieli (2017) .
The ideal adiabatic model assumes that there is negligible pressure variation throughout the engine. Therefore, Eq. 10 describes the pressure P in all the engine compartments.
Assuming that the total mass of working fluid in the device is the sum of the masses of working fluid in each component yields Eq. 11.
Assuming, the mass of working fluid remains constant, yields Eq. 12.
For the cooler, regenerator and heater the volume and temperature are assumed to be constant. Therefore, the mass differential is defined as Eqs 13-15.
Substituting Eqs 13-15 into Eq. 12 and rearranging, yields Eq. 16.
Applying the mathematical expression for the first law to a generalized cell of working space yields Eq. 17.
Rearranging Eq. 17 to give the change in mass in the compression and expansion spaces yields Eqs 18 and 19. Substituting Eqs 18 and 19 into Eq. 16 and rearranging yields Eq. 20.
Defining the temperature differentials in the compression and expansion spaces, yields Eqs 21 and 22.
The mass flows through the compartment boundaries are defined as Eqs 23-26.ṁ
The conditional temperatures which depend on the direction of fluid flow in the heater and cooler are Eqs 27 and 28.
The energy equations that describe the heat absorbed and rejected in the cooler, regenerator, and heater are Eqs 29-31.
The energy equations which describe the work output of the cycle are Eqs 32 and 33.
Flow Losses
When calculating the pressure drop ΔP in the heat exchangers, the Reynolds friction factor f r approach is used as this results in the change of pressure drop sign with change in flow direction (Berchowitz and Urieli, 1984 
Equation 35 is the Darcy friction factor f D in the regenerator and is calculated using the maximum Reynolds number Re max (Tanaka et al., 1990) .
In the case of the cooler and the heater unidirectional smooth pipe flow relations are used to calculate the Darcy friction factor f D (Joseph and Yang, 2010) . These relations are for flow in the turbulent regime, seen as Eqs 36 and 37.
Heat Transfer Relations
Equations 38 and 39 are for the Nusselt number Nu and effectiveness ε of the regenerator (Tanaka et al., 1990) .
Equation 40 is the Gnielinski relation which is used to calculate the Nusselt number in the heater and the cooler (Gnielinski, 1975) . This is then in turn used to calculate the heat transfer coefficient h in the heater and the cooler.
Assuming, the overall heat transfer coefficient U in the heater and the cooler is equal to the heat transfer coefficient h on the inside of the tubes, this in turn is used to compute the number of transfer units (NTU), seen as Eq. 41.
This is used to compute the NTU in the heater and cooler, which in turn is used to compute the effectiveness ε in the heater and cooler, seen as Eq. 42.
Conductive Thermal Bridging Loss
The conductive thermal bridging lossQ cond is included in the analysis, as heat is conducted between the hot and cold parts of the engine (Ahmadi et al., 2016) . Equation 43 quantifies the conductive thermal bridging loss, which is calculated using the regenerator thermal conductivity k cond , the conduction area A cond , the regenerator length L r , and the heater temperature T h and cooler temperature T k .
Exergy Analysis
Defining the exergy of the engine yields Eq. 44. This equation is used to calculate the work outputẆ net , using the entering exergẏ X in , the leaving exergyẊ out , and the irreversibility rateİ which is T 0Ṡgen,total .Ẇ
Defining the second law mathematically in terms of crank angle θ, yields Eq. 45.
Therefore, defining the entropy generation per cycle S gen and assuming the mass flow dm dθ through the heat exchangers is constant yields Eq. 46.
Defining the difference in entropy between the entering and leaving gas S out − S in yields Eq. 47.
Substituting Eq. 47 into 46 yields the entropy generated per cycleṠ gen which is Eq. 48.
Therefore, the rate of entropy generation S gen is defined as Eq. 49.
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Since the flow is reversing the entropy generation due to pressure drop can be written as Eq. 50.
The equation for rate of entropy generation in the heaterṠ gen,h is defined as Eq. 51.
The equation for rate of entropy generation in the coolerṠ gen,k is defined as Eq. 52.
Using the definition of effectiveness ε to define the temperatures leaving the regenerator is seen as Eq. 53.
Therefore, the equation for the rate of entropy generation in the regeneratorṠ gen,r is defined as Eq. 54.
Assuming the rate of entropy generation in the expansion and compression spaces is negligible compared to the entropy generation rate in the heat exchangersṠ gen,e =Ṡ gen,c = 0, the total rate of entropy generationṠ gen,total can be calculated by summing the rates of entropy generation in the heaterṠ gen,h , regeneratorṠ gen,r and coolerṠ gen,k , seen as Eq. 55.
Defining the objective function by substituting Eqs 51, 52, and 55 into Eq. 55 and assuming all the heat exchangers are perfectly adiabatic, yields Eq. 56.
Equation 56 is the objective function which gives the work output of the engine. This function is the function that is used to optimize the Stirling engine geometry.
Method of Solution
The solution is obtained using three iterative loops. The outer loop computes the energy input; the middle loop computes the temperature difference for adequate heat transfer in the cooler, and the inner loop computes the solution to the ideal adiabatic model equations. The middle loop takes the values for mass flow rate and energy from the inner loop, and uses these to compute the gas temperature in the heater and the cooler. This value is then compared to the previous iteration and if it is within the specified tolerance convergence has been reached. The inner loop computes the solution to the ideal adiabatic model as a closed form solution does not exist and, therefore, an iterative method is required. To quickly and effectively find the solution, two different iterative methods are used in the analysis. The Runge-Kutta method is used for the first four iterations and following this the Adams-Bashforth method is used. This reduces the computation time as the Adams-Bashforth method does not require the computation of intermediate steps but only uses previously computed derivatives, resulting in greater computational efficiency (Faires and Burden, 2010) . This scheme is run until convergence is reached between the start and end temperatures in the compression and expansion spaces. Once this convergence is reached the mass flow rates and energy values are used in the outer loop to compute the new heater and cooler gas temperatures. This scheme is run within the outer loop which changes the engine operating frequency until the desired energy input is obtained.
OPTIMIZATION ALGORITHM
To optimize the geometry and operating frequency of the Stirling engine, the problem is initially formulated as a bounded constraint minimization problem. The standard form of such a problem is Eq. 57. min
where
The function to be minimized is Eq. 57 which is the objective function for the net-work output of the engine. This optimization is achieved by minimizing the negative of the work output. However, the equations outlined in the previous section exhibit several characteristics that make optimization of the objective function unsuitable for classic gradient based algorithms. The problems that make the function unsuitable for gradient-based optimization schemes are listed below:
1. The function is discontinuous. 2. The function is non-smooth. 3. There is some degree of numerical noise. 4. Little is known about the function space. 5. Each function evaluation is expensive.
The function described exhibits these characteristics, and therefore a specialized algorithm is required. The algorithm of choice is the implicit filtering scheme originally developed by Professor Kelley and colleagues (Kelley, 1999 (Kelley, , 2011 . This algorithm was developed for noisy problems where derivative information is too difficult to obtain or is inaccurate. In its simplest form, the method developed by Kelley is the steepest descent algorithm with difference gradients that progressively shrink as the solution moves toward the minimum. The quasi-Newton method used is the Broyden-Fletcher-Shanno-Goldfarb update. This update allows for the inverse Hessian to be approximated quickly and efficiently.
RESULTS AND DISCUSSION OF RESULTS
The analysis and optimization procedure found the optimal geometry and engine speed that gave maximum net-work output at the fixed heat input. The variables which have been optimized are the total heat exchanger length, dead-volume ratio, regenerator length, heater tube length, cooler tube length, compression space to expansion space volume ratio, phase difference, and the operating frequency.
Work Output and Efficiency
Figure 3 is a plot of the maximum net-work output, minimum total irreversibility rate, and absorbed energy versus heater inlet temperature for the four different mesh types. Figure 3 shows that as the heater inlet temperature increases the maximum net-work output increases and the minimum irreversibility rate decreases. The reason is that the optimal engine operating frequency decreases with increasing heater inlet temperature, thus decreasing the irreversibility rate. The optimal regenerator length is also seen to increase, along with the regenerator effectiveness which decreases the heat transfer irreversibility in the regenerator. This is seen to be most pronounced in the WN200 mesh as this mesh is the finest mesh thus offering the greatest heat transfer area per unit volume, whereas the WN50 offers the lowest heat transfer area per unit volume.
Figures 4 is a plot of maximum net-work output and maximum thermal efficiency versus heater inlet temperature.
The maximum efficiency plot seen as Figure 4B follows from the maximum net-work output plot seen as Figure 4A . From these figures, it is seen that as the heater inlet temperature increases, the maximum net-work output and the maximum efficiency increases. It can also be seen that the WN200 mesh gives greater performance than the other mesh types. Whereas, the WN50 gives the poorest performance. The reason for this is that the WN200 mesh is the finest mesh which gives the greatest surface area per unit volume which results in a mesh that gives the lowest irreversibility rate in the regenerator. The WN200 mesh also results in the smallest regenerator in terms of void volume which means that more of the available dead-volume can be allocated to the heater and the cooler. This gives larger heater and cooler tubes having greater surface area and a lower pressure drop, this results in lower irreversibility rates in these components and when coupled with increased regenerator performance gives greater overall engine performance.
Allocation of Volume
Figure 5 is a plot of optimal dead-volume ratio versus heater inlet temperature. Figure 6 shows that the optimal dead-volume ratio decreases with increasing heater inlet temperature. The reason for this is that with increasing temperature difference between the heater and cooler the optimal dead-volume ratio decreases. In the case of the ideal adiabatic model, there exists an optimal dead-volume ratio for maximum net-work output and as the dead-volume ratio tends toward one the cycle efficiency increases toward Carnot efficiency (Wills and Bello-Ochende, 2016) . These two different design points play an integral part in the optimization of the Stirling cycle as the optimal dead-volume ratio is where the net-work output and the efficiency are balanced with the dead-volume that gives the optimal engine geometry for minimum irreversibility rate. Upon further inspection of the results, it can be deduced that there exist design points that give lower irreversibility rates. However, the volume allocation is not near the optimal thus giving poorer overall engine performance. Therefore, the irreversibility rate needs to be minimized while also optimizing the allocation of volume. Figure 7 is a plot of optimal swept volume ratio versus heater inlet temperature. Figure 7 shows that the optimal swept volume ratio is seen to decrease with increasing heater inlet temperature. The reason for this is that the heater to cooler temperature ratio increases with increasing heater inlet temperature. When analyzing the ideal model, the optimal ratio of compression space swept volume to expansion space swept volume is always less than one and decreases with increasing heater to cooler temperature ratio. This is because as the heater to cooler temperature ratio increases the portion of heat transferred out of the cooler decreases thus less compression space work is required as this amount of work is directly proportional to the heat load in the cooler. This gives a smaller compression space relative to the expansion space as it reduces the compression space work input relative to the expansion space work output.
Heat Exchanger Geometry
The sizing of the heat exchangers has a significant effect on the performance of the Stirling engine. The following plots show the optimal values for heat exchanger geometry at the different heater inlet temperatures that correspond to optimal engine performance at a fixed heat input. Figure 8 is a plot of optimal regenerator length versus heater inlet temperature for the four different mesh types. Figure 8 shows that the optimal regenerator length increases with increasing heater inlet temperature. It can also be seen that the WN200 mesh type yields the shortest regenerator and the WN50 mesh yields the longest regenerator. The reason for this is that the WN200 mesh offers the greatest surface area per unit volume and the WN50 mesh yields the lowest surface area per unit volume. Therefore, the optimal mesh length for the case of the WN200 mesh type is significantly shorter than for the WN50 mesh type. This significantly affects engine performance as a smaller regenerator has less void volume, which means more of the available dead-volume can be allocated to the cooler and heater increasing the performance of these components. The shorter regenerator also gives a smaller pressure drop which results in the optimal operating frequency being greater which means that more cycles are completed per unit time thus producing a higher net-work output. Figure 9 is a plot of optimal regenerator effectiveness versus heater inlet temperature for the four different mesh types. Figure 9 shows that the WN200 mesh gives the greatest optimal regenerator effectiveness, the reason for this is that the WN200 mesh is the finest mesh and, therefore, gives the greatest heat transfer area per unit volume. This positively affects the engine performance as the higher effectiveness of the regenerator reduces the heat transfer irreversibility, thus decreasing the total irreversibility rate. The WN200 mesh also gives the lowest pressure drop of all the mesh types, this means that the engine with the WN200 mesh type will operate at a higher frequency which increases the work output of the engine. The reason for the lower pressure drop is that the WN200 mesh type results in a wider shorter optimal regenerator, thus decreasing pressure drop when compared to the WN50 mesh which is longer. Figure 9 is a plot of optimal cooler tube length and diameter versus heater inlet temperature for the four different mesh types. Figure 10 is a plot of optimal heater tube length and diameter versus heater inlet temperature for the four different mesh types. Figure 11 is a plot of optimal heater effectiveness and optimal cooler effectiveness versus heater inlet temperature for the four different mesh types.
Figures 9 and 10 show that the cooler and heater tube lengths and diameters decrease with increasing heater inlet temperature. The reason for this is that as the heater inlet temperature increases, the optimal operating frequency decreases; thus decreasing the working fluid mass flow rate through the heat exchangers. Due to this decrease in flow rate, the regenerator pressure drop decreases which results in the regenerator length increasing and diameter decreasing, this increases the regenerator effectiveness which decreases the irreversibility rate in the regenerator. This reduces the dead-volume that can be allocated to the other heat exchangers as the void volume of the regenerator increases with increasing regenerator length, and the optimal dead-volume ratio also decreases with increasing heater inlet temperature. Therefore, the cooler and heater tubes decrease in length and diameter as the available dead-volume decreases and the void volume of the regenerator increases. This results in a decrease in heat exchanger surface area that affects the heat transfer performance. Figure 11 shows that the cooler and heater effectiveness decreases with increasing heater inlet temperature. The reason for this decrease in effectiveness is that the optimal engine speed decreases with increasing heater inlet temperature, this decreases the heat transfer coefficient in the heater and the surface area in the heater also decreases as the optimal dead-volume ratio decreases and the void volume of the regenerator increases. This decreases the NTU in the heater, resulting in a decrease in the effectiveness.
When comparing Figures 9-11 , it is seen that the cooler has a greater surface area and a greater effectiveness than the heater and this is because there are more cooler tubes than heater tubes. This is specified as the performance of the cooler has a far more pronounced effect on engine performance than the heater. Decreasing the working fluid temperature in the cooler has a comparatively greater effect on efficiency than increasing the working fluid temperature in the heater, which can easily be illustrated by simply analyzing the expression for Carnot efficiency.
Operating Frequency
This study differs from many other studies as the optimal engine operating frequency is calculated, whereas in other studies the operating frequency is specified. This approach allows for the operating frequency to be optimized with the other variables to give optimal engine performance. Figure 12 is a plot of optimal operating frequency versus heater inlet temperature for the four different regenerator mesh types. 
Figure 12
shows that the optimal operating frequency decreases with increasing heater inlet temperature. The reason for this is that as the heater inlet temperature increases the amount of energy absorbed per cycle increases, thus the required operating frequency to absorb the specified input energy decreases. The plot also shows that the WN200 mesh type gives a higher optimal operating frequency than the WN50 mesh type. The difference in operating frequency for each mesh type is because the Reynolds number in the regenerator for a given mass flow rate is greater for the WN50 mesh type than the WN200 mesh type. This results in the optimal operating frequency being higher for the WN200 mesh type as the optimal Reynolds number in the regenerator is at a higher operating frequency for the WN200 mesh type than the WN50 mesh type. This increased operating frequency also increases the performance of the heater and cooler as the mass flow rates increase.
This result also indicates why bigger machines will perform better, as bigger machines will absorb more energy per cycle and, thus, allow for lower operating frequencies and, thus, a lower irreversibility rate in the regenerator. This effect would be especially pronounced in the case of the lower heater inlet temperatures, as here the operating frequency is high and decreasing this would drastically improve engine performance. Figure 13 is a plot of optimal phase difference versus heater source temperature. Figure 13 shows the optimal phase difference versus heater inlet temperature for the four difference mesh types. The plot shows that there is an optimal phase difference for each heater inlet temperature and that the optimal decreases with increasing heater inlet temperature. The plot shows that the optimal differs from the π/2 rads optimal, which is the optimal that is obtained when analyzing the ideal cycle. The reason for this difference is that the phase difference greatly affects the mass flows through the device and the minimum and maximum engine volumes, thus, influencing the engine performance.
Phase Difference

CONCLUSION
This analysis and optimization of a 1,000 cmused with more complex multi-dimensional Stirling engine models. Also, the external heat transfer effects need to be accounted for in the heater and cooler, these effects include the effects of tube thickness and heat transfer coefficient on the outside of the tubes. These effects should be considered as they would affect the heater and cooler working fluid temperatures and, thus, engine performance.
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